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A chain ring is an associative, commutative ring with an identity whose 
ideals form a chain. We associate with each finite chain ring five invariants 
(integers) and determine (in certain cases) the number of isomorphism classes 
of rings with given invariants. These results yield immediate corollaries for 
Pappian Hjelmslev planes which are coordinatized by such rings. 
1. INTRODUCTION 
Finite chain rings occur “natural!y” in at least two different places: In 
algebraic number theory, as quotient rings of rings of integers in fir&e 
extensions of the rationals (cf. Krull[7, p. 861); in geo:metry, as coord~nat~z~~g 
rings of Pappian Hjelmslev planes (cf. Klingenberg Es]). It is perhaps also 
worth noting that finite principal ideal rings are just direct sums of finite 
chain rings. 
Our ‘“chain rings” are Krull’s “primarer zerlegbarer inge.” We use “‘chain 
ring” following Skornjakov [IO]. Ayoub dubbed these rings “homogeneous 
rings” iI, 21. In existing terminology chain rings are ““local (or primary) 
t&serial rings.” 
We consider only associative, commutative rings with 1. It is easy to see 
that a finite ring R is a chain ring if and only if the radical N is principal and 
R is local, i.e., R/N is a field. The simplest examples of such rings are Z,, , 
the ring of integers modulo JF where p is prime, and GF(p”), the field with 
p” elements. A more inclusive class of chain rings are the rings GR(p”, r) 
Z,,[x]/(f(x)), where f (x) is manic of degree Y and irreducible moduio t 
prime p. After Janusz [4] (and independently Raghavendran [9]) we call 
this ring a Galois &ng of characteristic pn and rarzk Y. These rings were 
perhaps first noticed by Krull in 1924 [6]. Note that G&V, 1) = Z,, and 
GI?(p, Y) = GF(pT). GR(p”, T) is uniquely determined by p, n, and 7 
(see Krull [7, pp. 83ff]). 
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In what follows R will denote a finite chain ring with nonzero raidical N. 
(If N = 0, then R is of course a field.) We now state some facts about R 
and establish notation we shall use throughout. The first three items are 
easily established, if not obvious. 
1.1. R has prime power characteristicpn, i.e., the identity of R has additive 
order pn. 
1.2. The radical N is the set of nilpotent elements of R and R/N = 
GF(PT). 
1.3. Let BEN - N2. Then, N = (0) an d every ideal of R is of the form 
Ni = (@). Hence if m is the index of nilpotency of N, then for each a in R, 
there is a unique nonnegative integer i < m such that a = uei where u is a 
unit of R. 
1.4. R contains a unique subring S such that S/pS z R/N. S has radical 
(p) and (hence) is isomorphic to GR(p’%, Y) where p, n, and Y are as above 
(Krull [7, p. 841). As in the theory of complete local rings (cf. [S, p. 1061) we 
call S the coeficient ring of R. Its uniqueness is guaranteed by [S, p. 1111. 
1.5. If t9EN-IV, R=S@SB@...@SBk-l is an S-module direct 
sum where K is the greatest integer i < m (= index of nilpotency of N) such 
that p E Ni. It follows that 0” = p(a,-,ek-l + ... + a,B + a,), where ai s S 
and a,, is a unit in S, i.e., 0 satisfies the Eisenstein polynomial 
f(x) = xk - p(a,-,x”-l + ... + ao). 
rf 1, 8, 82 ,..., Pi is a basis for R over S, we call R an Eisenstein extension of 
S of degree k. In general, however, there is an integer t = m - (n - 1)K > 0 
such that 
se< G s if O<i<t 
and 
sei g slpvs if k 3 i > t. 
In other words R g S[x]/(f(x),p”-Y). C onversely, any such quotient ring 
is indeed a chain ring (Krull [7, pp. 84851. 
1.6. Let R* denote the group of units of R. R* is just the set of non- 
nilpotent elements of R, i.e., R* = R - N. The subgroup 1 + N of R* is a 
p-group and R*/(l + N) z (R/N)* is cyclic of order p+” - 1. Hence, 
R” z (R/N)* x (1 + N), (Ayoub Cl]). 
1.7. R has order pmr, N has order p@+lJr and R* has order pm’ - p(+l)r. 
1.8. We call the integers p, n, Y, k, t defined above the invariants of R. 
For convenience we list them below. 
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pn is the characteristic of R. 
pr is the order of R/N. 
m is the index of nilpotency of N. 
k is the greatest integer i < m such that p E PP. 
m = (n - I)k + t, I < t < k. 
Note that we use t rather than the “more natural” choice m as one of our 
five invariants. This is merely a matter of convenience. 
We remark that p can be any prime and that n, I and k can be arbitrary 
positive integers, while t is subject only to the condition 1 < t < k. PGote 
thatifn=l,t=m=k. 
2. ENUMERATION OF FINITE CHAIN RINGS 
It is clear that what we have named the invariants of R are indeed that, i.e., 
isomorphic rings have the same invariants. On the other hand, it is easy to 
find examples of nonisomorphic chain rings with the same invariants. Our 
efforts are aimed at determining the number of isomorphism classes of finite 
chain rings with given invariants p, n, Y, k, t. First we take care of the case 
n = 1. 
LEMtiLP, 1. If n = 1, then S = GF(p’) and R g S[X]/(~). 
Proof. Immediate from 1.5. 
LEMMA 2. Let n > 1. An element 7~ in R is a root of a?z Eisenstein po~~norn~a~ 
of degree k over S if and only ;f N = (z-). 
Proof. Let v be a root of xii - p(~,~+r~~--l + ... + s,J where s, is a unit 
in S. Then rkrc = 0 since pqa = 0. Thus, 7~ is nilpotent and since s,, is a unit, 
w = C si& is a unit. By the same reasoning, in the notation of 1.5, 9” = pz: 
where cL’ is a unit. Now v = 0% for some unit u. Hence, wp = nk = @“u” = 
pidgin and so p = api for some unit a. This implies that i = 1 (since n > 3 )~ 
ence, r = Bu and so (v) = (0) = N. The converse follows from 1.5. 
DEHKITIOX. Let Aut S denote the group of automorphisms of 23. If 
o E Aut S and f(x) E S[x], then c$ or crf(z) will denote the polynomial 
obtained from f (x) by applying 0 to each coefficient. 
Note that if S = GR(p*, Y), then S/p” S = GR(pi, r) for i < n. 
LEMMA 3. 1f S = GR(pia, Y), then Aut S is cyc& of or& Y. &&her the 
natural homomorphism from Aut S to Aut(S/piS) is an ~s~~o~pk~§~ for i < n. 
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Proof. See Ganske and McDonald [3] or Raghavendran [9]. 
LEMMA 4. Let R and T be$nite chain rings with invariants p, n, Y, k and t, 
with n > 1. By 1.4, we may regard R and T as having a common coeficient ring 
S. Let (‘rr) be the radical of T and let 7~ satisfy the Eisenstein polynomial g(x) 
ovey S of degree k. Then R g T if and only if vg(x) has a root in R for some 
automorphism 0 of S. 
Proof. Since ug(x) is also Eisenstein, if it has a root 0 in R, Lemma 2 
implies that (0) = N = rad R. From 1.5 it follows that the correspondence 
c spi -+ c u(sJ ei is an isomorphism from T to R. 
Conversely, if #: T --+ R is an isomorphism then Z/J restricted to S is an 
automorphism u of S (since S is uniquely determined by the invariants). 
Since g(r) = 0 in T, #(n) is a root of ug(x) in R. 
EXAMPLE 1. That (T in the above lemma cannot be always taken as 1 is 
shown by the following example. Let S = Z&i] where i2 = -1, i.e., 
S = GR(9, 2). Let T = S[n] where TI is a root of g(x) = x4 - 3(1 + i) and 
let R = S[8] where 0 is a root of x4 - 3(1 - i). Let o be the automorphism 
of S which sends i to -i. Then clearly og(x) has a root, namely 0, in R and 
so R G T. But one may easily show that g(x) has no root in R. 
DEFINITION. We call R a pure chain ring if there exists a generator B for 
N such that 8” = pu where u is a unit in S, i.e., if 0 is a root of a “pure” 
Eisenstein polynomial xlc - pu, u a unit in S. We call xk - pu an Eisenstein 
polynomial associated with R. 
LEMMA 5. Let R and T be pure chain yings with the same invariants and 
with associated Eisenstein polynomials xlc - pv and xk - pu, respectively, 
where v and u are units in S = GR( p”, Y), n > I. If R s T then the polynomial 
Xk _ uPiv-l (1) 
has a root in S/pS = GF(p’) fey some 0 < i < Y. The convflse holds if 
(k P) = 1. 
Proof. If R z T, by Lemma 4 there is an automorphism u of S such that 
xk - pm(u) has a root say r in R. By assumption R = S[e] where 6” = pv 
and by Lemma 2 (0) = (v). Henc, v = Bw for some unit w of R, i.e., 
w = so + sle + ... + sk_,ek-l, where s,, is a unit in S. Hence, per(u) = rk = 
Bkw” = pvzuk. Since n > 1, it follows that o(u) - vwk E Rad R, hence, that 
D(U) - ~lss~ E Rad S = pS. Thus, s0 is a root of xk - U(U) v-r modpS. 
Further, G induces an automorphism of S/pS = GF(p’). Hence, 
Q(U) = z& modpS, as desired. 
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To prove the converse, let (k,p) = 1 and assume that xk - uP~v-~ has a 
root in SIPS. By Lemma 3, UP* = U(U) mod pS for some automorphism 0 of 
S. Hence, xk - C(U) V-I has a root in S/pS. Since (R, p) = 1 this root may 
be lifted to a root, say, s, in S (see, e.g., 13, Theorem 3.131); that is, .+ = 
G(U) v-l. Set r = se where 0 is a root in R of xk - pv. Then r is a root of 
& - PO(U) in R. Hence, by Lemma 4, T g R. 
EXAMPLE 2. The condition (k, p) = 1 is necessary for the converse of 
Lemma 5: Let S = Z/(27). Ii = S[O], T = S[r], where B is a root of x3 - 3 
and rr is a root of x3 - 6. Then, one easily shows that R and T are not 
isomorphic (use Lemma 4, noting that Aut S is trivial); however, x3 - 2 
does have a solution in S/3S = Z/(3). 
DEFI~wTLON. Let p be a fixed prime and let c be any positive integer. 
If (c, p) = 1 we define T(C) to be the order of p in the group of units U(C) 
of the ring of integers modulo c. If c = 1, we let T(C) = 1. As is known, the 
order of U(c) is 4(c), where + is the Euler C-function. Hence, T(C) divides 4(c). 
LEMMA 6. Let n > 1 and d = (k,p? - 1). Then, ihere aye at least 
isomorpkism classes of pure chain yings with invariants p, n, Y, k, t. IGrther t$ 
(k, p) = I, there are precisely this number of isomoyph~sm classes. 
Proof- Let U denote the group of nonzero elements of G&p’). For U, 
v E U define u - v if equation (1) has a solution in lJ for some 0 < i < T. 
By Lemma 5 it suffices to show that the number of equivalence classes is 
given by formula (2) above. As is well known U is cyclic of order q = p’ - 1. 
Let a be a generator for U. It is easy to see that an element in U has a kth 
root if and only if it lies in the group A generated by ad where d = (k, q)~ 
It follows that u N v if and only if z&A = VA for some I, 0 < 1 < r. 
To simplify notation we replace U by the adclitive group Z, of integers 
moclulo q. Then by the above comments the relation in question becomes 
j-i if and only if j = pzi mod d for some 0 < I < Y. If [i] denotes the 
equivalence class of i and if (d) = dZ, we have 
[i] =i+(d)uip+(d)u...Uip’-l+(d). 
Let (i, d) = e, c = d/e and 1 = T(C). Then 
[i] = i + (d) U ip + (d) U ‘0. W ipz-l + (d). (3) 
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The union in (3) is easily seen to be a disjoint union. Since (d) has q/d 
elements, [i] has Zq/d = T(c)q/d elements. If j E [i], (i, d) = e if and only if 
(;, d) = e. Thus, if we let E(e) denote those j in 2, with (j, d) = e, we have 
E(e) is a union of equivalence classes each having T(c)q/d elements. On the 
other hand, E(e) contains +(c)q/d 1 e ements. Hence, E(e) is the union of 
$(c)/T(c) equivalence classess. As e runs through the divisors of d, so does 
c = d/e and conversely. Thus, formula (2) gives the total number of classes 
as desired. 
Remark. It is well known that 
and equality holds if and only if T(C) = 1 for all c, that is, if and only if 
djp - 1. 
THEOREM 1. Every finite chain &g with (k, p) = 1 is pure. Hence? if 
(k, p) = 1 and n > 1, then the number of isomorphism classes of $nite chain 
&zgs with invariants p, n, Y, k, t is precisely 
where d = (k, pr - 1). 
Proof. Let R be any finite chain ring. In the notation of 1.5, R = S[O] 
where 8” = pu, u = a, + a,0 + ... + a,-,Bk-l, ai E S, and a, a unit in S. 
We write u = a,,(1 + x), where x E (8) = N. Then w = 1 + x lies in the 
subgroup 1 + N of the group of units of R. Since N is an additive p-group, 
1 + N is a multiplicative p-group. Thus, if (k, p) = 1, k is relatively prime 
to the order of 1 + N so w-l has a kth root in 1 + N, say vk = w-r. Let 
7~ = Bv. Then 4 = pa,. Hence, xk - pa,, has a root in R, which is to say, 
R is pure. The remainder now follows immediately from Lemma 6. 
LEMMA 7. Let p / k. If either n > 2 OY t > 1 a;d n = 2, then the chain 
rings with associated polynomials xk - p and xk - p(x + 1) are not isomorphic. 
Proof. Let R = S[Kj where 8” = p and otherwise satisfying the condition 
in 1.5. It suffices to show that R contains no element rr = u0, where u is a 
unit and rk = p(r + 1). Let u = s,, + s,B + ... + sk-rBk-r, where si c S 
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and s0 is a unit in S. If Vito: = p(r + l), then ~~~~~ = p(u0 + l), and, hence, 
p(s,” + k86 + 8%) = p( 1 + Sk-1p + s,B $ ..’ + sku2Bk-l), where b, c, are 
elements of R. If we expand both sides of this equation using the fact that 
6” = p and the fact that p 1 k we obtain an equation psoO = pas8 for some s 
in S. If n = 2 this yields ps,,8 = 0, and if t > 1 (see 1.5) this implies that 
ps, = 0, a contradiction since sg is a unit. If n > 2, we have (ps, - p%)B = 0, 
which implies that ps, = p2s if t > 1 or ps, - p2s E p+%’ if i = 1. In either 
case we get a contradiction. 
A theorem similar to the following was obtained by Krull [6, p. 21Oj for 
chain rings with R/IV algebraically closed. As a substitute for the algebraic 
closure of R/N we have the condition (k, p’ - I) = 1~ 
TI~EOREM 2. A Jinite chain z&q is determined up to ~somo~p~ism by its 
inaariants p, n, Y, k, t if and only if they satisfy one of the folloz&g: 
(i) n = 1; 
(ii) (k, (9’ - 1)) = 1 and (k,p) = 1; 
(iii) n = 2, L = 1, and (k,pr - 1) = 1. 
Proof. Suppose that none of the conditions (i)-(iii) hold. Then n > I, 
If p 1 k, Lemma 7 yields the desired nonuniqueness unless t = 1 and n = 2. 
If t = 1 and n = 2, (k, pr - 1) # 1; and in this case, Lemma 6 implies the 
existence of at least 2 nonisomorphic pure chain rings. 0n the other hand, if 
(k, p) = 1, then since (ii) does not hold, again we have (k, pr - 1) f 1. 
Conversely, if (i) holds, by Lemma 1 we are done. We complete the prcof 
by showing that if (ii) or (iii) holds then in the notation of 1.5 our ring 
contains an element w such that 7~~ = p. Let B E N - PP. Then P = pu for 
some u E R. Suppose that (ii) holds. By 1.7, the group of units of R has order 
(9’ - l)pr(m-l). By (ii) k is relatively prime to this order and so every 
element of R” has a kth root. In particular there is a v in R such that u-i = vB 
and so r = 0~ is the desired element of R. 
Now assume that (iii) holds and write u = s0 + s,B + ‘.. + ~~-#-l. Since 
t = 1 and n = 2, pu = ps, . Since (k, pr - 1) = 1 every nonzero element 
of S/pS = GF(p’) has a kth root. Thus, so1 has a kth root v mod@, i.e., 
& = s;’ + ps. Now if we let r = Bw we get r@ = &P = pu($ f sp) = p, 
since pa = 0. This completes the proof. 
3. REMARKS 0N THE CASE p / k 
In the above we completely determined (modufo the functions T and 4) 
the number of chain rings with invariants p, n, Y, k, t, where n > 1 an 
(k, p) = 1. The remaining case, p / k, appears much more diflicult. For 
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convenience let N denote the number of chain rings with invariants p, n, Y, 
K, t. If n > 1 and (k, p) = 1, then N is independent of n. This, however, is 
not the case if p j k. In general, the best we can do at this time is the 
following theorem. 
THEOREM 3. Let N be the number of finite chain rings with invariants p, n, 
r, k, t. Assume that p j k and that either n > 2 OY n = 2 and t = k. Then, 
P’/Y < N < (I - frr)pr(-), 
where m = (n - l)k + t. 
We omit the proof of this theorem, which is just a matter of counting 
polynomials and roots, since we have hopes of obtaining more precise 
information. 
Remark 3.1. Note that by Lemma 6 formula (2) gives another lower 
bound for N which appears to be unrelated to that in (4). 
Remark 3.2. If n = 2 and t < k, the lower bound in (4) may not hold 
(see Theorem 2(iii)). 
Remark 3.3. The upper and lower bounds are attained in at least one 
instance, namely, when p = k = t = n = 2 and Y = 1. In this case they 
coincide. 
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